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Preface 



This volume contains the papers presented at the Sixteenth International 
Conference on Automated Deduction (CADE-16), held in Trento, Italy, July 
7-10, 1999, and hosted by Istituto Trentino di Cultura - Centro per la ricerca 
scientifica e tecnologica (ITC-IRST). The year 1999 marks the 25th anniver- 
sary of CADE. Since their inception in 1974 at Argonne National Laboratory, 
the CADE conferences have matured into the major forum for presentation of 
research in all aspects of automated deduction. 

CADE-16 was one of the conferences participating in the 1999 Federated 
Logic Conference (FLoC). FLoC’99 was the second Federated Logic Conference; 
the first took place in 1996 and was hosted by DIMACS at Rutgers University, 
New Brunswick, NJ. The intention of the Federated Logic Conferences is to bring 
together as a synergetic group several conferences that apply logic to computer 
science. The other participating conferences in FLoC’99 were the Eleventh Inter- 
national Conference on Computer-Aided Verification (CAV’99), the Fourteenth 
IEEE Symposium on Logic in Computer Science (LICS’99), and the Tenth Con- 
ference on Rewriting Techniques and Applications (RTA-99). 

Eighty-three papers were submitted to CADE-16: 67 regular papers and 
16 system descriptions. Each of the submissions was reviewed by at least four 
program committee members, and an electronic program committee meeting was 
held through the Internet. Of the 83 papers, 21 regular papers and 15 system 
descriptions were accepted. In addition, this volume contains full papers by two 
of the four invited speakers, Erich Gradel and Robert Nieuwenhuis, along with 
an abstract of Tobias Nipkow’s invited lecture. Zohar Manna gave an invited 
talk in a plenary session with CAV. 

These proceedings do not cover several important conference events. Four 
workshops were held on specialized research topics. The fourth automated the- 
orem-proving system competition (CASC-16) was organized by Geoff Sutcliffe. 
And for the first time an induction system competition was organized by Dieter 
Hutter. 

I would like to thank the many people who have made CADE- 16 possible. I 
am grateful to the following groups and individuals: to the Program Commit- 
tee and the additional referees for reviewing the papers in a very short time 
and maintaining the high standard of CADE conferences; to my fellow Trustees 
for their advice and co-operation; to the FLoC Organizing Committee (Fausto 
Giunchiglia, Leonid Libkin, Paolo Traverso, Morena Carli, Carola Dori, Alessan- 
dro Tuccio, Adolfo Villafiorita, and Moshe Vardi) for organising an excellent and 
outstanding conference; and last but not least, to Uwe Waldmann, and the other 
members of my research group at MPI, who helped with the many tasks of the 
program chair, and helped compensate for his lack of technical expertise in cer- 
tain Web and text processing tools. 



Saarbriicken, May 1999 



Harald Ganzinger 
CADE-16 Program Chair 
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A Dynamic Programming Approach to 
Categorial Deduction 



Philippe de Groote 

LORIA UMR n° 7503 - INRIA, Campus Scientifique, B.P. 239 
54506 Vandoeuvre les Nancy Cedex - France 
degroote@loria.fr 



Abstract. We reduce the provability problem of any formula of the 
Lambek calculus to some context-free parsing problem. This reduction, 
which is based on non-commutative proof-net theory, allows us to de- 
rive an automatic categorial deduction algorithm akin to the well-known 
Cocke-Kasami- Younger parsing algorithm. 



1 Introduction 

Modern categorial grammars [8] , which are intended to give a deductive account 
of grammatical composition, are based on substructural logics whose paradigm 
is the Lambek calculus [7]. Any parsing problem for a given categorial gram- 
mar gives rise to some decision problem in the substructural logic on which the 
grammar is based. Consequently, to design an efficient parsing algorithm for a 
categorial grammar amounts to design an efficient decision procedure for some 
logic akin to the Lambek calculus. 

On the other hand, the Lambek calculus, which has been introduced four 
decades ago, appears a posteriori to be a non-commutative fragment of linear 
logic [4] . Consequently, it is possible to take advantage of Girard’s proof-net the- 
ory in order to design automatic deduction procedures for the Lambek calculus. 

In this paper, we introduce an original correctness criterion for non-commu- 
tative proof-nets, from which we derive a dynamic programming algorithm for 
deciding the provability of a Lambek sequent. 

The paper is organised as follows. Section 2 is a short presentation of the Lam- 
bek calculus. In Section 3 we introduce an original notion of non-commutative 
proof-net, and we prove that this notion of proof-net corresponds to an actual 
notion of proof. In Section 4, we associate to each Lambek sequent a context-free 
grammar that allows to see the provability problem, for this sequent, as a rewrit- 
ing problem. This gives rise to the algorithm described in Section 5. Finally, we 
conclude in Section 6. 

It is to be noted that the theory of non-commutative proof-nets appeals to 
the theory of planar graphs. The formalisation of this theory relies on advanced 
geometrical concepts whose exposition is out of the scope of this paper. On 
the other hand, the elementary concepts of planar graph theory that we used 
(essentially the notion oiface) are rather intuitive. Consequently, we have decided 
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to illustrate the different concepts by several examples in order not to lose the 
reader into the formal details. 



2 The Lambek Calculus 



The Lambek calculus [7], which has been introduced as a logical basis for cate- 
gorial grammars [8], corresponds exactly to the non-commutative intuitionistic 
multiplicative fragment of linear logic [4] . 

Given an alphabet of atomic formulas A, the syntax of the formulas obeys 
the following grammar: 



::= A I I I TjT 



where formulas of the form A • B correspond to conjunctions (or products), 
formulas of the form A\B correspond to direct implications (i.e., A implies B), 
and formulas of the form A/B to retro-implication (i.e., A is implied by B). 

Then, the deduction relation is specified by means of the following sequent 
calculus. 



A I- A (ident) 



r t- A Z\i,yl, Z\2 I- B 



A 2 1- B 



(cut) 



r,A,B,Ai- c 
r,A» B,A I- c 
r %- A A\, B, A 2 



(• left) 
I- c 



r 



A At- B 



Ai,r,A\B,A2 I- C 
r i- A Ai,B,A2t- C 
Ai,BlA,r,A2 I- C 



(\ left) 

(/ left) 



r, A I- A* B 
A,r t- B 



r I- A\B 
r,At- B 
r t- B/A 



(• right) 
(\ right) 
(/ right) 



It is to be noted that the above system does not include any structural 
rule. In particular, the absence of an exchange rule is responsible for the non- 
commutativity of the connectives. This, in turn, explains the presence of two 
different implications. 

Example 1. As an illustration, consider the sequent 

(a/6) *6, b\{b • {a \ a)) 1 - a, 
which may be derived as follows: 

a t- a a t- a 
61-6 a, a\a i- a 
a/b, b, a\a i- a 
61-6 a/6, 6 • (a \ a) 1 - a 

a/b, 6, 6 \ (6 • (a \ a)) 1 - a 



{a/b) *6, b\{b • {a \ a)) 1 - a 
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3 Proof-nets for the Lambek calculus 



Proof-nets are concrete structures that allow the proofs of linear logic to be 
represented geometrically [4]. As we mentioned, the Lambek calculus is a non- 
commutative fragment of linear logic. It is consequently possible to adapt the 
notion of proof net to the case of the Lambek calculus [6, 10] . To this end, we first 
give a translation of the Lambek calculus into (non-commutative) multiplicative 
linear logic. 

The formulas of multiplicative linear logic are built upon a set of atomic 
propositions A according to the following grammar: 

I I MT ® MT \ MT^MT 

where the unary connective denotes the linear negation, and the binary con- 
nectives ® (tensor) and ^ (par) correspond to multiplicative conjunction and 
disjunction respectively . 



Definition 1. The translation T[[T i- A]] of a Lambek sequent T t- A into a 
sequence of multiplicative formulas is defined as follows: 



T[[r^ A]] = T-[[r]]AT+[[A]]+ 



where: 

1. T+[[at=a 

2. r + [[A •B]]+ = r+ IB]] + 0 T+ [[A]] + 

3. T+ [[A \B]]+ = T+ [[B]] [[A]] " 

4. r+[[A/i?]]+ = r-[[i?r^r+[[A]]+ 



5. T [[a]] = a'^ 

6. T- [[A.B]] - =T- [[A]] - [[B]] ~ 

7 . r-[[A\i?r=r+[[A]]+®r-[[i?r 
r-[[A/i?r=r-[[Ar®T+[[i?]]+ 



9. r-[[T, A^=r-[[T^,r-[[A^ 

It is important to note that the translation T[[T i- A]] does not define a set 
but a sequence of formulas. This is due to to fact that the order between the 
formulas of a Lambek sequent is relevant. 

Example 2. Consider the sequent of Example 1 . Its translation is the following: 
T[[(a/6) • b, b \ (b • (a \ a)) i- a]] = (a'^ ®b)^ b'^,b^ (b^ ^ (a 0 a~‘~)),a 



The definition of a multiplicative proof-net proceeds as follows. The notion of 
proof-structure, which corresponds to a class of graphs decorated with formulas, 
is first defined. These proof-structures are intended to represents proofs. It is 
not the case, however, that they all correspond to actual proofs. It is therefore 
necessary to give some further criterion in order to distinguish the correct proof- 
structures, which are called proof-nets, from the other ones. 

The notion of multiplicative proof-net may be adapted to the Lambek cal- 
culus by stating an additional condition that ensures non-commutativity. We 
do not follow this approach. The definition that we give is based on a correct- 
ness criterion that is intrinsically non-commutative. This new criterion, which 
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has been especially devised in order to prove the correctness of the algorithm of 
Section 5, is a refinement of a similar criterion due to Fleury [3]. 

Proof-nets and proof-structure being a sort of graph, we use freely elementary 
graph-theoretic concepts that can be found in any textbook. In particular, the 
terminology we adopt is taken from [2] . We also take for granted the notion of 
parse tree of a formula. The leaves of such a parse tree are decorated with literals 
(i.e., atomic propositions, or negations of atomic propositions) and its internal 
nodes are decorated either with the connective or the connective These 
internal nodes will be called G>- and ^-nodes, respectively. 

Definition 2. Let F t- A be a Lambek sequent. The proof-frame of F t- A 
eonsists of (the sequence of) the parse-trees of the formulas in T[[T i- A(\. The 
roots of these parse trees are called the conclusions (or the conclusive nodes) of 
the proof-frame. 

Example 3. The proof- frame of the sequent of Example 1 is the following: 




Let us associate two polarised atoms a"*" and a~ to each atomic formula a, 
and let Ei be the set of these polarised atoms. The next step in defining a notion 
of proof-structure for the Lambek calculus consists in introducing the concept 
of well-bracketed matching on a word of E(. 

Definition 3. Consider a word to = ujiu )2 ■ ■ of polarised atoms. We define 
a well-bracketed matching on u to be a permutation p on the set of tOi ’s such 
that: 

1- < n) p{oJi) = tOj implies (tOi = a~^ and tOj = a~ ) or (tOi = a~ and 

ujj = a'^), for some atomic formula a. 

2. {yi,j < n) pfjJi) = tOj implies p{tOj) = tOi, 

3. (y/i,j, kjGn) p{tOi) = ujj, pfwk) = w/, and i < k imply I < j. 

Conditions 1 and 2, in this definition, formalise the idea that a matching con- 
sists in grouping by pairs atoms of opposite polarities. Condition 3 corresponds 
to a notion of well-bracketed structures by forbidding configurations such as 

i k j I 

Let F %- Ahe & Lambek sequent. We write {A/F) to denote the sequent 
(consisting of one formula) obtained by applying Rule (/ right) to T i- ^ as 
many times as possible. It is well-known that T i- ^ is provable if and only if 
{A/F) is. We now associate, to each Lambek sequent, a word of polarised atoms 
as follows. 
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Definition 4. The word of polarised atoms Vi i- A]] associated to a Lambek 
sequent T i- A is defined as i- A]] = >V[[T[[A//^]]]], where: 

1. W[[a]] = a+ 3. Wlla ^ /?]] = W[[a]] W [[/?]] 

2. W[[a-L]] = a- I W[[a (g) /?]] = W[[a]] W[[/3]] 

Let us interpret a~^ and a~ respectively as a and which is consistent 
with Equations 1 and 2 in the above definition. Then the word associated to a 
sequent corresponds exactly to the sequence of the leaves of the proof-frame of 
this sequent. 

We are now in a position of defining a notion of proof-structure for the 
Lambek calculus. 

Definition 5. Let T i- A be a Lambek sequent. A proof- structure of T i- A (if 
any) is a simple decorated graph made of: 

1. the proof-frame of T i- A; 

2. a perfect matching on the leaves of this proof-frame that corresponds to a 
well-bracketed matching on Vi[[T i- A]]. 

The conclusions of the proof- structure are defined to be the conclusions of the 
proof-frame. The edges defining the perfect matching on the leaves of the proof- 
frame are called the axiom links of the proof-structure. 



Example ). The following graph is a proof-structure for the sequent of Exam- 
ple 1 . 




2? (g>2 a 

In order to state the definition of a proof-net, we need some elementary con- 
cepts of planar graph-theory. A graph is said to be planar if it may be represented 
on a plane in such a way that no two edges cross one another. Such a represen- 
tation is called a topological planar graph. A face of a topological planar graph 
is defined to be a region of the plane bounded by edges in such a way that any 
two points of this region may be connected by a continuous curve that does not 
cross any edge. 

It is is easy to see that the proof-structures of Definition 5 are planar graphs 
(this is due to the well-bracketing condition). Consider, for instance, the proof- 
structure of Example 4. It has three faces: two bounded faces that are contained 
within elementary cycles — respectively, (a, a-*-, (g>i, b, 6 -*-, ( 8 ) 3 ) and ( 6 -*-, b, 

(g>i, 6-*-, 6, (82, — , and one unbounded face that corresponds to the region 

of the plane that is “outside of the proof-structure” . 

While the notion of face is proper to the notion of planar graph, the notion 
of bounded and unbounded face depends of the particular topological planar 
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representation under consideration. Consequently, from now on, when speaking 
of a proof-net we mean its natural topological representation^ as illustrated by 
example 4. This convention allows us to define the faces of a proof- structure as 
the bounded faces of the corresponding topological planar graph. 

Let P be a proof-structure, F be a face of P and n be a or a (8>-node of 
P. We say that F contains n if and only if n and its two daughter nodes belong 
to the boundary of F. Remark that some nodes may belong to the boundaries 
of two different faces. However, according to the present definition, any node is 
contained in at most one face. Finally, let t and u be two (g)-nodes of P. We say 
that t is dominated by u (and we write t ^ u) if and only if t is the ancestor of 
a ^-node that is contained in the same face as u. 

We now define our notion of proof-net. 

Definition 6. Let F i- A be a Lamhek sequent. A proof-net of F i- A (if any) 
is a proof- structure P of F i- A such that 

1. each face of P contains exactly one '^-node; 

2. each '^-node is contained in a face of P; 

3. the relation of dominance -< between the ®-nodes of P is aeyclic, i.e., its 
transitive closure is irrefiexive. 

Example 5. The proof-structure of example 4 is a proof-net. Indeed, each face 
contains exactly one ^-node. There are no other ^-nodes. The dominance rela- 
tion consists simply of 02 ^ C>i, whose transitive closure is clearly acyclic. 

In constructing a proof-net, the difficulty consists in guessing an appropriate 
set of axiom links. A possible solution to this problem is to generate all the 
possible sets of axiom links and to check for each corresponding proof structure 
whether the proof net correctness criterion is satisfied or not. A more clever 
way of proceeding is to construct the set of axiom links incrementally so that 
the correctness criterion is ensured by construction. This is precisely what our 
algorithm is doing. Consequently, in order to prove its correctness, we will need 
a notion of partial proof- net. 

Let us define a module to be a simple decorated graph made of a proof- 
frame and a partial perfect matching that obeys the conditions of Definition 5. 
In other words a module is a proof-structure from which some axiom links have 
been erased. Now, given a module M, we define an possibly open face to be a 
set of nodes that belong to the boundary of the same face in any proof-structure 
that contains M as a subgraph. If the boundary of a possibly open face is cyclic, 
we call it an actual face. If it is acyclic, we call it an open face. 

The notion of possibly open face allows the relation of dominance to be de- 
fined on modules. This, in turn, allows us to define a correct module, to be a 

^ That is the representation obtained by drawing trees with their root at the bottom, 
by drawing left and right daughter-nodes respectively on the upper left and upper 
right of their mother, and by drawing seqnences of trees from left to right. 
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module whose actual faces contain exactly one ^-node, whose open faces con- 
tain at most one ^-node, and for which the transitive closure of the dominance 
relation is acyclic. 

We end this section by proving that the proof-nets of definition 6 correspond 
actually to a notion of proof for the Lambek calculus. In other words, we prove 
that any Lambek sequent i- A is provable if and only if there exists a proof-net 
for it. 

Proposition 1. Let F i- A be a provable Lambek sequent. Then there exists a 
proof-net whose conclusions are T[[P i- A]] . 

Proof. The proof consists in a straightforward induction on the sequent calculus 
derivation. □ 

To prove the converse of this proposition, which corresponds to Girard’s 
sequentialisation theorem [4, 5] , we establish the following key lemma. 

Lemma 1. Let P be a proof-net that does not contain any conclusive ^-node. 
If P contains at least one ®-node then it contains a conclusive ®-node whose 
removal splits P into two disconnected proof-nets. 

Proof. Consider some conclusive ®-node t\ of P (there is at least one). If the 
removal of t\ disconnects P, we are done. Otherwise, t\ must be contained in a 
face of P. Consider the '^-node p that is contained in this face, p cannot be a 
conclusion of P. Hence it must be the descendant of some conclusive ®-node t 2 , 
and we have t 2 ^ t\. By iterating this process, which terminates because of the 
acyclicity of the transitive closure of we eventually find a splitting G. □ 

Proposition 2. Let P be a proof-net whose conclusions are T[[T i- A]]. Then 
the Lambek sequent P i- A is provable. 

Proof. The proof is done by induction on the number of nodes inP. If P is made 
of a single axiom link then it corresponds to an axiom a i- a. If P has at least 
one conclusive '^-node, the induction is straightforward. Finally, if P does not 
consist of a single axiom link and does not contain any conclusive '^-node, we 
apply Lemma F □ 

Proposition 3. Any Lambek sequent is provable if and only if there exist a 
proof-net of it. □ 

4 Grammars of axiom links 

As we already stressed, to construct a proof-net consists essentially in finding 
an appropriate set of axiom links. This set must obey three conditions: 

A. it must induce a well-bracketing on the leaves of the given proof-frame, 

B. it must give rise to a proof-structure whose faces contain exactly one 

C. it must induce a dominance relation a whose transitive closure is acyclic. 
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Given a Lambek sequent G i- it is easy to show that there exist a set of 
axiom links satisfying Condition A if and only if 

Vi[[r I- A]] 5 (*) 

according to System Ri that is defined by the following rules: 



T - 


S 


(1) 


a~ - 


-4 T 


(4) 


TS - 


S 


(2) 


S a~ - 


T 


(5) 


a'^ a~ - 


T 


(3) 


a~ S - 


-4 T 


(6) 



Indeed, the above system corresponds to a context-free grammar whose terminal 
alphabet is Si and whose non-terminal alphabet is the set {S', T}. Then, any 
rewriting sequence such as (*) induces the well-bracketed matching that matches 
together two atoms of opposite polarities if and only if they are rewritten at the 
same time by an instance of Rule (3), (4), (5) or (6). 

We now transform, step by step, the above grammar in order to take Condi- 
tions B and C into account. 

Let us define a new terminal alphabet S 2 by associating to each a~^ S Si 
(respectively, a~ G Si) two different symbols, namely, al{, a+ (respectively, 
and a~). Similarly, we consider the non-terminal alphabet (Ssj, S^,, Taj, 
Then, we associate to each Lambek sequent F t- A a, word of S^ as follows: 

V2[[r A]] = W[[T[[A/T]]]]^ 

where the transformation W : AiT x ®} ^ Al obeys the following equations: 

1. W[[a]]c = a+ 3. W[[a /?]]c = W[[a]]:i' W[[/?]]c 

2. W[[a-L]]c = a- 4. W[[a ® = W[[a]]® W[|4]c 

with c ranging over ®}. The intended meaning of this definition is the follow- 
ing: V 2 [[T I- A]] corresponds to the sequence of the leaves of the proof- frame of 
r %- A with, for each leave, a subscript ^ or 0 indicating respectively whether 
the open face immediately on the right of the leave contains or does not contain 
a ^-node. 

Let r I- A be a Lambek sequent. We claim that there exists a proof-structure 
of T I- A whose each face contains exactly one ^-node if and only if 

V2[[F I- A]] {**) 

according System R 2 that is defined by the following rules: 



Tc - 


5c 


(1) 


a+ - 


Ta 


(6) 


- 


5=, 


(2) 


S cIq 


Tc 


(7) 


- 


5=, 


(3) 


cIq 


Tc 


(8) 


- 


- 5« 


(4) 


atS^a- - 


Tc 


(9) 


(X^ (Zc ~ 


Tc 


(5) 


- 


Tc 


(10) 



where c ranges over ®}. 
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The only-if-part of our claim is easy to show. In order to prove the if-part, we 
must show that the proof-frame oi F t- A admits a set of axiom links satisfying 
both Conditions A and B. The proof that (**) induces a set of axiom links 
satisfying Condition A is similar to the case of System Ri. The proof that this 
set of axioms satisfies Condition B is based on the following facts: 

— for each (occurrence of a) non-terminal symbol N involved in (**) there 
exist wi,o;2,W3 G such that: (1) V2[[C i- A]] = ujiuj2UJ3', (2) U2 N; (3) 
ujiNu!2 82^. consequently, to each (occurrence of a) non-terminal symbol 
N, one may associate the portion of the proof- frame that corresponds to u>2, 
the set of axiom links that is induced by UJ2 N, and the module that is 
made of the proof-frame together with this set of axiom links; 

— to each (occurrence of a) non-terminal symbol N involved in (**) corresponds 
(a portion of) an open face of the associated module; this open face corre- 
sponds to the portion associated to N together with the leaf immediately on 
the right of this portion; 

— a non-terminal symbol has ^ as a, subscript if and only if the corresponding 
open face contains a ^-node (this property is preserved by all the rules of 
R2); 

— Rules (5) to (10) ensure that each open face that is turned into an actual 
face by adding an axiom link contains a ^-node. 

We will illustrate the above facts by examples, but first we transform System R2 
in order to take Condition C into account. 

From now on, we distinguish the different occurrences of 0 within a multi- 
plicative formula by means of indices. For instance, we write (aC>i (6(8>2c)) instead 
of (a® (6C)c)). Then we consider an infinite set of constants JC = {fci, k2, fcs, ■■■}, 
and we construct the alphabet E3 by associating a new symbol s[F] to any 
s G S2, F G 1 C. Similarly, we associate four different non-terminal symbols S^, 
S^, r=j, T^} to any FUJC, a G JCxJC, such that the transitive closure (t+ of the 
relation a is acyclic. Then, we associate to each Lambek sequent F %- A a word 
of defined as follows: 

V3[[F A]] = W[[r[[A/Fl^00 

where the transformation W : A 4 F x {^,0} x 2^ x 2^^^ ^ obeys the 
following equations: 

1. W[[a]]cFA = a+[F] 

2. W[[a-L]]cFZ\ = a-[F] 

3. W[[a ^ f 3 ]\c FA = W[[a]\^ A A W[[/?]]c F A 

4. W[[aOi/?]]cFZ\ = W[[a]]0{kJ(Z\U{kJ) W[[/?]]c F (Z\ U {kj) 

with c ranging over {^i’, 0}. The interpretation of this definition is the following. 
The different constants fci,fc2,... occurring in VsjF 1- A]] correspond to the 
different occurrences of ® in F 1- A . Then a symbol aJ[F] or a^[F] occurring 
in V3 [[F I- A]] corresponds to a leaf whose right open face contains one ^-node, 
and F corresponds to the set of (8>-nodes that are ancestors of this ^-node. On 
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the other hand, a symbol a+[/^] or corresponds to a leave whose right 

open face contains one (8>-node (and, consequently, does not contain a ^-node), 
then r' is a singleton corresponding to this (8>-node. 

Definition 7. The rewriting system R 3 is defined as follows: 

n[r,a] ^ 5 c [r, a] ( 1 ) 

T«[A, ai] S4T2, (72] ^ S^[T2, (Ti U (72 U (1^2 X A)] (2) 

provided that {a\ U (72 U (A x A))’’" is acyclic. 

A[A, (7i] 5«[A, (72] ^ 5^[A, (71 U (72 U (A X A)] (3) 

provided that {a\ U (72 U (A x A))’’" is acyclic. 

A[A,(7i] 5g,[A,(72] ^ 5g,[A u A,(7 i u ( 72 ] (4) 

provided that (ai U ( 72 )“*" is acyclic. 

a+[A]aj[A] - A[A,0] (5) 

a-[A]a+[A] ^ A[A,0] (6) 

a+[A] 5«[A, (72] a-[A] ^ A[A, <T2 U (A X A)] (7) 

provided that ((72 U (A x A))’’" is acyclic. 

[A] 5«[A, (72] a+[A] ^ A[A, <T2 U (A X A)] (8) 

provided that ((72 U (A x A))’’" is acyclic. 

a+[A] 5^ [A, (72] a- [A] ^ A [A, ^2 U (A X A)] (9) 

provided that ((72 U (A x A))’’" is acyclic. 

a- [A] 5:,[A, (72] a+[A] ^ A[A, ^2 u (A X A)] (10) 

provided that {g 2 U (A x A))’’" is acyclic. 

Proposition 4. Let T t- A he a Lambek sequent. Then T %- A is provable if 
and only if 

V3[[r^A]\ 5 =, [ 0 ,( 7 ] (***) 

according to system R 3 , for some a C 1C x 1C whose transitive closure is acyclic. 

Proof, (sketch). By Proposition 3, we have that P i- A is provable if and only 
if there exists a proof-net of it. Given such a proof-net, it easy to construct a 
rewriting such as (***) by taking a to he the dominance relation of the proof-net. 
This proves the only-if part of the proposition. 

Conversely, we show that the set of axiom links induced by (* * *) satisfies 
Conditions A, B, and G. To show that Conditions A and B are satisfied, one 
proceeds similarly to cases of Systems R\ and R 2 . To show that Condition G is 
satisfied, one establishes the following invariants: 

— the set P appearing in a non-terminal symbol 5s5.[A c] or A [A ( 7 ] corresponds 
the ®-nodes that are ancestors of the ^-nodes contained in the open face 
associated to this non-terminal symbol; 

— the set P appearing in a non-terminal symbol 5^ [A o’] or T^[P,a] corre- 
sponds the ®-nodes that are contained in the open face associated to this 
non-terminal symbol; 
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— the set a appearing in a non-terminal symbol a] or Tc[r, a] corresponds 
the dominance relation of the module associated to this non-terminal symbol. 

□ 

Example 6. Consider again the sequent of Example 1. Its provability may be 
established by the following rewriting (where applications of Rule (1) have been 
left implicit): 



a»[{ki}] 6+[0] b^[b] 6+[{k2}] 6,^ [{k2}] 


<[{k3}] 


a=j[0] a+[0] 


a»[{ki}] 6+[0] T«[{k2},0] [{k2}] 


<[{k3}] 


r=,[0',0] 


a®[{ki}] Tj[{k2},0] 


<[{k3}] 


T=,[0,0] 



T«[{k3},{(k2,ki)}] 


^=.[0,0] 


-S'=s[0,{(k2,ki)}] 





Now, the different rewriting steps of the above derivation may be interpreted as 
incremental steps in the construction of a proof-net. We start with the proof- 
frame: 



a»[{ki}] 6+[0] b^m 6+[{k2}] 6,,[{k2}]a+[{k3}] a+[0] 




The first rewriting steps, b^ [0] f>J[{k2}] ^ Tg,[{k2}, 0] and [0] ai^[0] ^ Ts[0, 0], 
yield the following module: 

a«[{ki}] 6+[0] r«[{k2},0] 6^[{k2}]a+[{k3}] ^[0,0] 
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Then, the interpretation of 6j[0] S'g,[{k 2 }, 0] [{k 2 }] — > T=s[{k 2 }, 0] gives rise to 

a supplementary axiom link: 

a®[{ki}] Tj[{k2},0] a+[{k3}] 71j[0,0] 




The next step, [{ki}] S'^[{k2},0] a+[{k 3 } ^ ^^.[{ka}, {(k 2 ,ki)}], is interpreted 
similarly: 



T«[{k3},{(k2,ki)}] n[0,0] 




Finally, the last step, Tg,[{k 3 }, {(k 2 , ki)}] S'5j[0,0] ^ S'sj[0, {(k 2 , ki)}], establishes 
that the above module is indeed a proof-net. 



5 The proof-net construction algorithm 

The fact that we have reduced the decision problem of the Lambek calculus 
to a context-free parsing problem allows us to take advantage of the dynamic 
programming techniques that are used to recognize the context-free languages. In 
particular, we present an algorithm derived from the well-known Cocke-Kasami- 
Younger procedure. 

This algorithm, which is based on the Chomsky normal form of System R 3 
(See Appendix A), constructs an upper-triangular recognition matrix A whose 
entries are sets of non-terminal symbols. The initial conditions are the following: 
Given a sequent F 1 - A, to = LO 1 UJ 2 ■■ - tOn contains V 3 [[T 1 - A]], and all the 
entries of A are empty. 
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for z := 1 to n — 1 do 

(* Rules 4 fltzzi 5 *) 

if LOi = a+[A] and Wi+i = a~[r 2 ] then Ai^i := {Tc[f"2,0], <S'c[r'2,0]} 
(* Rules 6 and 1 *) 

else if Wi = a“[A] and wz+i = a+[r' 2 ] then Ai^i := {Tc[r' 2 , 0 ], S'c[r' 2 , 0 ]} 

od; 

for c? := 2 to n — 1 do 

if d is even 

then for z := 1 to rz — d do 

j := (d + z) - 1; 

(* Rule 8 *) 

if oji = aJ[A] then for each S^[r 2 ,(J 2 \ € ^i+ij do 

cr := (72 U (A X A); 
if (7+ is acyclic 

then Aij := Aij U {U[a, +, a]} 

od 

(* Rule 9 *) 

else if oji = ai^[A] then for each S'®[A,f 2 ] G ^i+i,j do 

(7 := (72 u (A X A); 

if (7+ is acyclic 

then Ai^j := Aij U {17[a, a]} 

od 

(* Rule 10 *) 

else if uji = a+[A] then for each S'ss’[A 7 0 ' 2 ] G do 

(7 := (72 U (A X A); 
if (7+ is acyclic 

then Ajj := Aij U {U[a, +, a]} 

od 

(* Rule 11 *) 

else if uji = a“[A] then for each S'sj[Ajf 2 ] G j do 

(7 := (72 u (A X A); 

if (7+ is acyclic 

then Aij := Aij U {U[a, a]} 

od 

od 

else (* d is odd *) 

for i := 1 to n — d do 

j := {d+i)~ 1; 

(* Rules 12 and 13 *) 

for each C/[a, +, cr] G Aj j_i do 

if Uj+i = aj[r] then A^^ := Aj^ U {Tc[A cr], Sc[R, cr]} 

od; 

(* Rules 14 and 15 *) 

for each U[a, a] G Aj do 

if ojj+i = a+[r] then Aij := Aij U {Tc[A cr], Sc[R, cr]} 
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od; 

k := i; 

while k < j do 

(* Rule 2 *) 

for each T^[ri,<7i] € Ai^k do 
for each S^[r2,(72] G ^fc+ 2 j do 

(T := CTi u (J 2 u (A X A); 

if is acyclic then Ai^j := Aij U { 5 ss.[A 7 cr]} 

od 

od; 

(* Rules 1 and 3 *) 

for each A[A,cri] G Ai^k do 
for each S'=s[A,ct 2 ] G Au+ 2 ,j do 

(T := (Ti u (72 u (A X A); 

if ( 7 + is acyclic then Ai^j := Aij U { 5 'sj[A 7 cr]} 

od 

for each S^[r 2 ,a 2 ] G Ak+ 2 ,j do 
(7 := (7i U (72; 

if ( 7 + is acyclic then A^j := Aij U {5g,[A U A 7 cr]} 

od 

od; 

k := k + 2 

od 

od 

od 



6 Conclusions and future work 



Our proof-net construction algorithm does not take any advantage of the intu- 
itionistic nature of the Lambek calculus. Consequently it is easily adaptable to 
classical calculus such as Yetter’s [11] and Abrusci’s [1] 

Our work indirectly addresses the problem of the complexity of the Lambek 
calculus decision problem. Whether this problem is NP-hard or not is still open. 
The theoretical complexity of our algorithm is exponential because of the number 
of possible non-terminal symbols. It is possible to reduce this number because it is 
not necessary to record the complete dominance relation but only the constraints 
that are “still active” . However, this optimisation, which we will describe in an 
extended version of this paper, does not give rise to a polynomial algorithm. 
Nonetheless, it allows to define interesting fragments of the Lambek calculus for 
which the decision problem is polynomial. 

Acknowledgements I wish to thank Glyn Morrill, Frangois Lamarche, and 
Yves Lafont for helpful discussions and comments. 
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Abstract. We define a class of modal logics LF by uniformly extend- 
ing a class of modal logics L. Each logic L is characterised by a class 
of first-order definable frames, but the corresponding logic LF is some- 
times characterised by classes of modal frames that are not first-order 
definable. The class LF includes provability logics with deep arithmeti- 
cal interpretations. Using Belnap’s proof-theoretical framework Display 
Logic we characterise the “pseudo-displayable” subclass of LF and show 
how to define polynomial-time transformations from each such LF into 
the corresponding L, and hence into first-order classical logic. Theorem 
provers for classical first-order logic can then be used to mechanise de- 
duction in these “psuedo-displayable second order” modal logics. 



1 Introduction 



Background. There are two main approaches to modal theorem proving 
in the literature. The direct approach consists in defining calculi dedicated 
to modal logics at the cost of modifying existing theorem provers (see e.g. 

. The translational approach consists in translating modal 
logics into logics for which theorem provers already exist, typically clas- 
sical first-order logic (FOL). The relational translation into FOL (see e.g. 

is the most common such tran slation although not the 
cvilv nnp Iqpp p ct TLpqp two approaches 
cannot always be applied with equal success (see e.g. For instance, for 

the provability logic G which is characterized by a second-order class of modal 
frames (see e.g. the relational translation is not possible unless FOL 

is augmented with fixed-point operators (see e.g. However, dedicated 

sequent-style calculi do exist for provability logics such as G or Grz (for Grze- 
gorczyk); see e.g. 

Display Logic. Display Logic (DL) is a proof-theoretical framework 

that generalises the structural language of Gentzen’s sequents by using multiple 

* Visit to ARP supported by an Australian Research Council International Fellowship. 

** Supported by an Australian Research Council Queen Elizabeth II Fellowship. 
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complex structural connectives instead of Gentzen’s comma. The term “display” 
comes from the nice property that any occurrence of a structure in a sequent can 
be displayed either as the entire antecedent or as the entire succedent of some se- 
quent which is structurally equivalent to the initial sequent (see e.g. 
display calculus satisfying the conditions (C1)-(C8) (see the appendix) 

enjoys cut-elimination. Kracht’s characterisation of properly displayable modal 
logics means that any extension of the (poly)modal logic K obtained 

by the addition of the so-called primitive axioms admits a display calculus that 
obeys conditions (C1)-(C8) and therefore enjoys cut-elimination. Since 

every primitive axiom is a Sahlqvist formula, any such extension is first-order 
definable 

Our Contribution. Let (/> be a modal formula and F((/)) be a formula built 
from {(j)} using -i, A, V, =>, □ and O such that any subformula of the form □■0 
in F((j)) occurs positively (when every (f>i => (f >2 is written as V Let L 
be a properly displayable modal logic and LF be the logic obtained from L by 
adding the axiom scheme □(F((()) (()) Ocj). Here a logic is understood as a 

set of formulae and therefore is exactly a (decision) problem in the usual sense 
in complexity theory. That is, as a language viewed as a set of strings built upon 
a given alphabet. 

By generalising results from we establish conditions permitting an 

0{n^ .log n)-time transformation (also called a “many-one reduction” 
g from LF into L. If K4 C L, then g can be in 0{n.log n)-time. Now, every 
primitive modal logic can be translated into FOL in linear-time (using a smart 
recycling of the variables). So in the general case, we define an 0{n^.log n)-time 
transformation from LF into (possibly known) fragments of FOL even though 
a formula of second-order logic may be essential to describe the class of modal 
frames characterising LF. This provides an alternative for mechanizing modal 
provability logics. 

Our uniform definition of such mappings shows that DL is ideal for proof- 
theoretical analyses of calculi for LF and L. In fact, the theoremhood preserving 
nature of our transformations are a characterisation of (weak) cut-elimination 
for many of these logics. 

Plan of the Paper. In Section^ we define the class of modal logics LF studied 
in the paper. In Section^ we define display calculi JLF for these logics and show 
these calculi to be sound and complete. In Section Q we give necessary and 
sufficient conditions to establish that the display calculi JLF admit a (weak) 
cut-elimination theorem, and provide the promised transformations. Section | 
contains a similar analysis for traditional sequent-style calculi. Proofs are omitted 
because of lack of space and they can be found in 



2 Provability Logics 

Given a set PRP = {pi,p 2 , . . .} of atomic formulae, the formulae (/> G FML are 
inductively defined as follows for pi G PRP: 

cj) ::= T I T | pi | (/>i A ()>2 | 4>i'^ 4>2 I “’</>! 4>i ^ 4>2 \ □(/) 
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Standard abbreviations include O: for instance, An occurrence 

of the subformula tjj in (f> is positive [resp. negative] iff it is in the scope of an even 
[resp. odd] number of negations, where as usual, every occurrence of 4>i c /)2 is 

treated as an occurence of ^(f>i V cf> 2 - The standard axiomatic Hilbert system K 
consists of the axiom schemes 



1 . the tautologies of the Propositional Calculus (PC) 

2. n(p ^ q) (tUp Dq) 



and the inference rules: modus ponens (from (j) and (f> ^ ijj infer ?/>) and necessi- 
tation (from (f> infer □</)). When L is an extension of K (including K), we write 
(() G L to denote that (j) is a, theorem of L. In the paper, we refer to the following 
well-known extensions L of K: 



T = K -h Dp ^ p K4 = K -1- Dp ^ DOp 

S4 = K4 Dp ^ p G = K4 □(□p ^ p) ^ Dp 

Grz S4 -I- n(n(p Dp) p) Dp 



Following a formula is primitive iff it is of the form (j) ^ ij) where 

both (j) and ip are built from PRP U {T} with the help of A, V, O, and where (p 
contains each atomic proposition at most once. 



Example 1. Neither of the formulae Dp ^ p and Dp DOp are primitive, 
but their logically equivalent (in K) forms p ^ Op and OOp ^ Op are both 
primitive. 



Definition 1. A logic (defined via Hilbert system) L is properly dis- 

playable iff L is obtained from K by adding primitive formulae as axioms. 

By ExampleO the logics T, K4 and S4 are properly displayable. In general, 
many of the traditional axioms for the most well-known modal logics are not 
primitive, but most of them have a primitive equivalent In it is 

shown that every properl y displa yable logic admits a display calculus satisfying 
the conditions (C1)-(C8) and therefore enjoys cut-elimination. In what 

follows, we write c5L to denote the display calculus for L defined in 

A formula generation map F : FML — > FML is an application such that there 
is a formula containing only one atomic proposition, say p, and no logical 
constants, such that for (p G FML, 7{(p) is obtained from ip-g by replacing every 
occurrence of p by (p. Moreover, we assume that no subformula of the form Dtp 
occurs negatively in ip^. F is also written Ap.^/'p- For any properly displayable logic 
L and any formula generation map F, we write LF to denote the logic obtained 
from L by addition of the scheme 



□ (F(p) ^ p) Dp (1) 

Observe that n(F(q) q) Dq is not a Sahlqvist formula. This does not 
exclude the possibility to find a Sahlqvist formula logically equivalent (in the 
basic modal logic K) to it. For instance, this is the case when F(q) = ^q since 






